Relations between the critical conversion of gelation α c and the conditions of polymer formation by living and terminated polymerization were studied. It was shown that the weight average functionality of the initial system given by the formula , where m i is the initial concentration of an i-functional monomer, is the parameter determining the value of α c . Formulas relating the critical conversion to the kinetic parameters of polymerization processes are presented. For polycondensation processes the kinetic equation based on the concept of bond blocks is proposed. It allows for estimating the gel point even for systems in which the substitution effect takes place for one of the components. The equation is , where α is the current conversion and n i are the values specifying the concentrations of i-functional blocks. The latter values are functions of α and may be calculated kinetically.
Introduction
Determination of the critical conversion value is one of key tasks in the problem of polymer network formation [1] [2] [3] [4] . Recently, the problem took on special significance in connection with the synthesis of hyperbranched polymers (HBP) [5] [6] [7] [8] [9] . HBP are synthesized by various types of polymerization processes [10] including living or controlled polymerization [11] [12] [13] [14] [15] [16] [17] [18] or polycondensation [10] including cyclotrimerization [19, 20] . In this paper, different variants of these processes are discussed.
According to Flory [21] and Stockmayer [22] , the critical conversion at gelation is determined by second moments of molecular weight distribution. Besides, Flory [23] proposed the condition: one cross-linking unit per chain as a criterion of gel point conversion. All these conclusions were obtained after using statistical methods of analysis. To gain a more general approach we [24] [25] [26] [27] [28] [29] used kinetic calculations.
Living polymerization
In the simplest case of living cross-linking copolymerization with instantaneous initiation we have for a bifunctional monomer as cross-linking agent the following equation system (1).
Here M, M 2 , R and P are the concentrations of mono-and bifunctional monomers, active sites, and pendant groups, respectively, Y is the concentration of cross-links and k p is the kinetic constant of the propagation reaction. where α=(М 0 -М)/М 0 is the conversion of monofunctional monomer.
According to Flory's criterion, the value of critical conversion α С is given by:
The relation analogous to (3) was recently published by Matyjaszewski at al. [30] . In fact, the dependence was experimentally found by Ide and Fukuda [31] To take into account initiation reaction, the system (1) must be supplemented with the equations (4): 
and by taking into account Flory's criterion one obtains (7) instead of (3). In the general case (i.e., including slow initiation, arbitrary functionality of comonomers, reaction of chain transfer) the system (9), outlined later, analogous to (1) was solved numerically [24, 25] by using the computing program Matlab.
The physics of gel formation implies that the number of functional groups belonging to a macromolecule determines the rate of its growth. Consequently, this is the distribution of functionalities, namely its second moment, which becomes the main factor. Consider the following system:.
Here R(m,n) denotes a molecule with m active sites and n reactive functional groups. Contrary to the common approach, we concentrate attention on the functionality rather than on molecular weight. R(0,f) is the initial f-functional monomer, I and X are the initiator and chain transfer agent. k i , k p and k х are the kinetic constants of initiation, chain propagation and transfer reactions, respectively.
The set of rate equation for the reaction set (8) has the form: 
At t=0, I=I 0 , R(0,f)=R 0 (0,f), and R(m,n)=0.
To solve the infinite system (9) we use the method of generating functions Ф(s,q) with s and q being dummy variables related to the active sites and functional groups, respectively: [24] . System (9) then reduces to (10):
The moments of generating function, obtained by its differentiation with respect to s and q and then setting s=q=1, have the following physical meaning: 
The initial values are, at t=0 I=I 0 , Ф 1 ≡R=0, Ф 2 ≡F=F 0 , Ф 11 =Ф 12 =0, Ф 22 =Ф 22 (0). Solution of the system (11) provides the values of moments as a function of conversion, an example of which is shown in Fig. 1 .
As one can see in Fig. 1 the change of lg Ф 22 (t) values from finite to infinite occurs in a very narrow interval of conversion. Consequently, we may expect that the asymptote to a curve of Ф 22 (t) cuts off the value of α c on the abscissa. The critical conversion obtained in this way was shown in [24] to be independent of initial concentration of functional groups F 0 and, with the other parameters kept constant, it depended only on Ф 22 (0). The weight average functionality of the initial system is defined as where m i is the initial concentration of a i-functional monomer. Hence, the parameter Ф 22 (0) depends only on the concentration of polyfunctional monomers. Clearly, this parameter is of paramount importance. In a series of papers [24] [25] [26] [27] [28] we studied the role of kinetic parameters, such the rates of initiation, chain transfer, and chain termination on the polymerization process.
The data showing the dependence of α c on Φ 22 (0) in living polymerization with instantaneous initiation (k x =0, R=I 0 ) are presented in Fig. 2 . [24, 25] and (6) (7) (8) (9) data from ref. [31] . (Fig. 2b) , it is possible to write the analytical formula (12). , and (4) 1 mol/l. Therefore at >10 -2 mol/l , whereas (12) Fig. 5a ,b presents the dependence of α c on the concentration of chain transfer agent X 0 at different initiation rates: high (a) and slow (b). In the first case (lines 4) there is no influence of the initiation rate and the relationship (14) holds.
At low Х 0 (lines 1 in Fig. 5 ) there is no influence of Х 0 and, hence the relations (12) and (13) become valid. The relation (15) can now be treated as the criterion of crossover from (14) to (12) or (13) [24] :
In the insertions there are curves of Х 0 bounding the region of gel formation.
In the processes of living polymerization with chain transfer there are concentrations of transfer agents X lim such as gel does not form at X>X lim . The values of X lim for various Ф 22 (0) are presented in the insertions in Fig. 5a ,b. As one can see X lim ∝ Ф 22 (0) in the wide range of the latter. This finding well corresponds to the Flory criterion: the higher concentration of the transfer agent, the shorter are chain lengths and the higher crosslinking agent is needed to reach gelation.
Polymerization with chain termination
Now, let us consider the case of conventional three-dimensional radical polymerization; that is, the polymerization with the reactions of chain termination [25] [26] [27] . To achieve this goal, one needs to modify the system (9) to read.
( ) To solve this system, the method of generating functions was used, again. The following system was obtained [26] . 
The results are presented in Fig. 6 . . Fig. 7 shows how the termination constant k t affects the critical conversion value α c . As shown in Fig. 7a , in the region of linear dependence of α c on R/Ф 22 (0) the relation (18) is valid [26] .
In the region of the square root dependence (Fig. 7b) , the relation (19) holds. Equation (19) is similar to (12) except that in (19) R represents the concentration of radicals in stationary state, which depends on the ratio of initiation rate and the termination constant: . Besides, equation (19) relates to the region of very small values of critical conversions, unlike equation (12) which should hold in the whole range of α c changes.
While studying the kinetics of cross-linking radical and living polymerization [35] , the
total conversion of double bonds and pendant groups was observed separately [33, 34] . This made possible to estimate reactivity of the pendant groups. It was found, as a rule, that k p1 /k p2 >1, where k p1 and k p2 stand for the rate constants of chain growth involving double bonds in the monomer and pendant double bonds, respectively.
Landin and Macosco [33] found about 3% pendant groups were consumed in cyclization [36, 37] at the beginning of radical copolymerization of methyl methacrylate with ethylene glycol dimethacrylate. Later their reactivity should decrease compared to those of methyl methacrylate. Besides, the difference in reactivity rises with increasing initial concentration of dimethacrylate [38] It was shown that for cross-linking living polymerization [31, 35] k p1 /k p2 ~ 3. In other words, in the case of living polymerization, even at the early stages of the reaction, when the concentration of macromolecules is high, the formed chains are short and the phenomenon of local pendant groups concentration is absent. Pendant groups show a decreased reactivity as compared to that of the initial monomer. It is evident that in the three-dimensional polymerization of diene monomers the substitution effect would come into play.
So, there is the problem of estimating the influence of the reactivity of pendant groups on the value of critical conversion [27] .
In order to analyze the changes in reactivity of functional groups it is practical to distinguish the functional groups in monomers and in polymer chains. This can be done by introducing the generating function: Equation (20) can be rewritten as a set of equations for moments (as before, index "2" denotes differentiation over q as many times as it is repeated),
and so on; in other words, the resulting system is opened.
However, one should take into account the fact that the initial reaction mixture is composed of monomer molecules of limited functionality. This leads to truncation of the system of equations. Actually, since 
and so on, then, Z 22 =0 for linear polymerization (f=1), Z 222 =0 when functionality does not exceed two (f = 2), and Z 2222 = 0 when f does not exceed three.
The scheme describing the process of radical polymerization becomes more complex as compared to that described above. Correspondingly, the systems of differential equations for the concentrations of macromolecules and moments of generating functions are changed. As it was shown elsewhere [27] , (i) the result presented above that the critical conversion depends only on the second moment of functionality distribution of initial monomers Z 22 is valid and, (ii) in the case of living polymerization, the following formulas may be applied:
For the radical polymerization with termination by disproportionation [27] 
R is the stationary concentration of radicals.
Polycondensation
The simplest and commonest method for the description of the correlation between the structure of a network polymer and the kinetics of a chemical reaction is based on the statistical approach. This method of calculating the structural parameters was described in details in monographs [1, 37] and reviews [38, 39] . However, as it is well known [1, 37, 38] , when functional groups change their reactivity (substitution effect) during the process (for example, during epoxy-amines polycondensation with unequal reactivity of primary and secondary amino groups [40] ), the polymer structure becomes dependent on the reaction route, that is, the above unambiguity of the structure -conversion relationship is not satisfied. In this case, a rigorous kinetic calculation for all structural elements is required. Evidently, the known formulas for the critical conversion value derived on the basis of probabilistic approaches cannot characterize systems with a substitution effect. An exact solution of the kinetic problem is possible when effective computational means are used.
A theoretic analysis of the cocyclotrimerization of mono-and bifunctional monomers containing functional groups with equal, different, and varying reactivity was presented in work [41] . From the point of view of the kinetics, cyclotrimerization is a particular case of polyaddition reactions, because the growth of a polymer molecule takes place through interaction between three rather than two functional groups, as it is usually the case. To take into account the differences in reactivity of NCO groups, one should bear in mind that, although the catalytic cyclotrimerization of isocyanates follows the first-order kinetics [42] , due to rather complex mechanism of cyclotrimerization [43] , the reaction can be represented as a trimolecular one over certain fictitious time. It is known that, independently of the chemical specificity of its mechanism, any reaction can be represented as n-molecular within the frame of a certain fictitious time [44, 45] , where n is the number of reactants that take part in the reaction.
The general scheme of the process has to take into account 10 types of elementary cocyclotrimerization reactions. The elementary reagents and rate constants are the following:
-three monofunctional monomers: R(n) is the concentration of n-functional molecules; subscripts at the constants denote the types of reagents.
We assume the additivity of the activation free energy, that is we consider the rate constant k abc of the A + B + C reaction to be expressed as the product k a ⋅k b ⋅k c .
The set of corresponding rate equations reads: 
The variable F is defined as k 1 A+k 2 B+k 3 C, where A=R(1) is the total concentration of functional groups in monofunctional monomer, B=2R(2) is the same in bifunctional monomer and C=ΣnR(n) is the concentration of functional groups in the products of reaction.
At t=0 A=A 0 , B=B 0 and C=0.
To solve system (23), the method of generating function was used [41] .
The resulting equations are: 
In Fig. 8 the dependences are presented of the critical conversion on the concentration of monofunctional monomer and on the magnitude of the substitution effect, i.e. on the value of k 3 . The critical conversions were the result of solution of (24) by extracting moments from the generating functions. The gel point was determined as described above as an abrupt increase of the second moments of the generating function.
The dependence of critical conversion α c on k 3 /k 1 that is, on the relative reactivity of functional groups of the third type under the condition that k 1 =k 2 demonstrates that the positive effect of substitution (an increase in the reactivity of the second functional group after the first group has been involved in the reaction k 3 /k 1 >1) at a relatively low content of the monofunctional component noticeably decreases the critical conversion, while the negative effect (k 3 /k 1 <1) somewhat increases the value. A change in reactivity has almost no effect on the threshold concentration of the monofunctional agent (n 1 ~ 0.67-0.75). The threshold concentration is interpreted as the minimum concentration of the monofunctional reagent at which α c =1. Fig. 8 . Dependences of the critical conversion α c on mol fraction of mono functional monomer n 1 and substitution effect, i.e. on k 3 /k 1 ; k 1 =k 2 . [41] .
An exact solution of the kinetic problem of polycondensation processes seem to be rather complicated even when effective computational means are used. However, this solution may be considerably simplified by using the concept of bond blocks (BB) [28, 29, 46, 47] . The concept of BB involves a combination of the kinetic and statistical approaches. This combination allows one to propose a generalized method for the estimation of the gel point, so that the known formulas appear as special cases under certain conditions. The BB of any structure is the configuration which can be represented as a connected graph G independent of the macromolecular structure in which it is located. Edges and vertexes correspond to bonds and units of polymer, at that they are the bonds formed in the process and the reagents. Concentration of G is denoted as y{G}. The complete set of concentrations of all G characterizes composition and structure of the system unambiguously. In this sense the function y{G} is analogous to molecular weight distribution function of linear polymer.
In polymer systems consisting of definite chains there is reciprocal correspondence between the concentrations of BB and macromolecules. Concentration x i of macromolecule fragments of any configuration containing i internal and n external is expressed by formula (25) [28] :
Here symbolic multiplication, i.e., summation of bottom indexes is used. For example, for linear structure (n=2) In works [28, 46] the method of kinetic equations of BB formation was proposed. It was shown the system of the equations could be divided on closed groups each corresponding to rather small BB. Hence their direct solution was not difficult. Larger blocks and total structures are combined by statistical methods.
For example, let us consider a particular system composed of a bifunctional epoxy oligomer and a pentafunctional amine [29] . The presence of primary and secondary amino groups in the latter compound is a prerequisite for the substitution effect. Just as the statistical calculation, the concept of BB uses the functional fractions of reactive groups rather than the molar concentrations of the reagents: n i stand for the functional fractions of the corresponding groups capable of reacting with the amine, whose functional fraction is denoted as n a ; n i =N i /Σ j N j where N i is the molar concentration of the corresponding groups at a given moment (at a given conversion); at the same time, N i =im i where m i is the molar concentration of the reagent containing i active functional groups. α I are the probabilities of the reactions for the corresponding groups (degree of conversion). The balance condition is the following:
where the subscript i refers to the epoxy reagents and the subscript A denotes the amine. All the values of α i and n i are found by solving the corresponding sets of kinetic equations.
In the case of the bifunctional epoxy oligomer -pentafunctional amine system (e.g., the amine may be represented by diethylenetriamine, or DETA), one should distinguish between primary and secondary amino groups from the very onset of the reaction. Using digits in parentheses to denote the numbers of primary (first digit) and secondary (second digit) hydrogen atoms, we can list the following networkcomprising groups: A(41) is the initial amine with 4 primary and 1 secondary H atoms, block of zero functionality; A (40) is the amine with a reacted secondary amino group, functionality 1; A (22) is the product of the reaction of one primary amino group, functionality 1; A(21) is a block of functionality 2; A(03) is a block of functionality 2; A(20) is a trifunctional block; A(02) is a trifunctional block; A(01) is a tetrafunctional block; and A(00) is a pentafunctional block. Note the functionality is the number of external bonds connecting the block with epoxy units.
If the ratio of the kinetic constants of the secondary and primary amino groups is denoted as β=k 2 /k 1 , the set of equations for all the amino groups is written as ( ) Here A are concentrations of corresponding amine blocks and B are epoxy groups. Figure 9 shows how the concentration of blocks with various functionalities changes in the course of the reaction. It is characteristic that the concentration-conversion curves corresponding to different β values appear similar: the maximum concentration of blocks with a given functionality corresponds to the same depth of conversion, irrespective of the relative reaction rate constant of the secondary amino group. At the same time, this maximum value itself changes depending on the kinetic parameters of the polycondensation reaction.
Since the reactivity of epoxy groups is assumed to remain unchanged in the course of the reaction, the calculation of the network structure may be performed within the statistical approach [1] using the calculated concentrations of the blocks. According to the theory of branching processes [28] , the calculation algorithm is the following. Let function u(x) characterizes the probability of the generation of an oligomer chain in the next generation by the same chain in the preceding generation. According to the theory [1] ,
where x is a dummy variable, α is the degree of conversion with respect to epoxy groups, and n ai is the proportion of i-functional blocks. Note that the critical conversion at low (but not zero) values of the β approaches a constant value of α c = 0.535. This is likely to be related to the fact that the polycondensation process proceeds in stages. At the first stage, the lower the β value, the higher is the conversion of primary amino groups. The depth of conversion reaches 40%. The second stage involves the accumulation of polyfunctional blocks in amounts providing the network formation. Evidently, the value of the additional conversion must be quite definite in this case.
As is seen, the solution depends on β, a conclusion that does not in any way follow from the statistical theory [1] . However, it is not difficult to show that we arrive at the known formula when the requirements of the statistical approach are met for the dependence of n ai on the conversion. Indeed, according to the statistical approach,
where A i is the concentration of the i-functional block and f is its maximum possible functionality (for DETA, f = 5).
Since n ai =iA i /Σ j jA j , substitution of formula (29) into Eq. (28) yields the following result: α(f-1)α A = 1. This expression coincides with the known formula for copolycondensation of bifunctional and f-functional reagents [1] .
Conclusions
Calculation of the critical conversion value is the particular solution of more general task of determination of topological structure parameters. There are many approaches for that including numerical solution of the systems of kinetic differential equations [48, 49] and computer simulation (see, for example, [50] [51] [52] [53] ). The numerical methods given in this paper are sufficiently simple and allow determination of the topological parameter which has important significance in technology of network and hyperbranched polymers synthesis, namely, the critical conversion value and its connection with mechanisms of the polymer formation. The formulas presented here can be used in the design of experiments.
